
1517154Remarks

The 541155 do notrely on perturbation theory they are expressed in

terms of full or L Lful do notassume L Lfree hint Therefore

theycan be at thebase of nonperturbative lattice calculations

From 54 55 once one bes calculated 501T it's possible to

extractin principle bon perturbative matrix elements via LSZ reduction

sometime one absorbe the normalisation JDOJexphis.ly into D so

that fpojexpsisy.sn 40103 1

Functional Methods

Like for the harmonic oscillator it's useful to introduce the

functionalgenerator 2 5 with general

156 Z J 0 exp J d bothinternal

shorthand notation for
Remonk it's a sort of 5 Sdx 5,1 1041of

Functional Fourier Transform
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LAPI
so that any correlator is just the functional derivative w.r.t.is

158
s 1,2

t on 107

again this is a compactnotation for 88g an Qi Oiki
Remember that we are doing path integral from ti o o to tf to

so that up to vacuum wavefunctionals Solti 070 107 the 2 J is

nothing but the vacuum to vacuum transition in the presence of external
current J

159 Z α 401 07

it's enough to know the vacuum persistent amplitude to be able

to extract all correlators at 3 0

Connected Correlator α theirfunctional

There is a more primitive notion of correlators connected Correletors

They are better behered when the points are separated to infinity
they decay and can reconstructfull correlator out ofthem Moreover they

willbedirectly
linkedtoconnect

Let's give a sort of recursive definition amplitude via1st
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Knowing connected Knowing correlator
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connected Correlators decay at large separation points
because of the clusterdecompositionprinciple
65 Oi it a Vinxntaltj.ly UmYm 40g hn Op 0pm

in Minkowski a is spacelike in Euclidean it is automaticallyso

66 4Oi it a Vinxntaldj.ly UmYm 50

We can proceed recursively

167 Oi a Oi 1217 Oi IX1 dial 404 4 0

so the a pt is ok let's assume now n point is ok checkwhat

happens for ntl point in a particular case onlyonecluster

68 Oi 111 OinXn Vint Xn a OiNil Vincent da

son
matches 168

but on the other hand 40 0am Estate
1 next

t.EE En
4 2 points

by assumption IE etorreletors

4 Oant I Do since 68 it's already matched
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Functional generator connected correlators WE

is obtained by taking the boy of 2033

69 W J log 2 3 2 exp we

indeed
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215

it has exactly the correct pattern of the connected correlators
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ma common
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This is clear any time an extra acts it either bit e zs

multiplying all previous sum ofproductof connected diagrams by Ma
i e giving Me

a
Ʃ IT

c
or it hit a previous

derivative 8 42 and Pf s
grow an extra leg e g

8,1My i My Ma a
ME

so to cover allways of combining products of connected points to
form thefulldisconnected amplitude

Example Free Scalar Theory

6 folk 0 8 m Endide ishine seuc.lt ith ie
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P exp 124m
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179 WCT Δ I folly 15 Δ y Z 3171 4,45k ftp.t.tk

Quadratic in the field theory

189 1 5
as 85 a o ftp itfnt

4 1g only connected diagram is aptfunction
All connected no 2 venish in free theory

This immediately gives WickTheorem

182 441
Ey Futtionts 2 jun.es jnpeirsIirs i

Scalar Perturbation Theory

83 S fol x 01 24m Sint

1841 2 exp 1 560 Sint It 3 4

This 200 can be read in more ways e g
185 2 f exp 5ft exp Sint't t

exp Sint d 3 t 2010

feltexp so
Dyson Formula α 40 TexplSint d 341 gssiygf.gg 5 0

can be calculated using Wick theorem to any desired ordered

sum ofalldiagrams builtvia Wick contractions using Sint 30 as ratios
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Alternatively thinkof 2C as Fourier transform

86 2 5 fad exp 0 exp Sint

exp Sint 14 exp So 3 0

187 exp Sint1 2013

881 2 3 exp Sint 1 exp 1J Δ 3

Another explicitway of constructive 213 inperturbation theory

IPI Quantum Effective Action

There is one more functional generator the quantum effective

action P b that generates connected IPI diagrams

IPI 1 particle irreducible cannotbe disconnected by cutting 1 line

To motivate the definition let's first look at the classical only
contribution when 5 DO in the path integral

88 255 fao exp 10 J a p 50 3 E It 1 041

saddle at 0 815
where we used the saddlepointapproximation as crude estimateofintega
190 J If solved by 0 015 0
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Since 2 e we see that for 4 DO

191 W 3 E 10133 J 013 Legendre Transform

That is WE for A o is the Legendre transform of
One can even invent this relation solving for J 013

92 J 0 D SEE W TIE 3101.0

where we recall that 310 0 fol'XEJ E Xi Exit
This suggests to define an useful quantity via Legendre transf
also at k o

193 WE log 213
I
D 8 Ig

40

Is
I LegendreTr inventing it 5 510

g
P E W 310 310 0 Definition of P

W T 0 0137 013

Remarks 91 isvery usefulalready at 5 o to adulatehighmultiplicity treedigrams

P is functional of vacuum exp values I COS in g brig

07 0 extremum quantum action

5 8 10 8 If feet 5107 872
For 5 0 8 07 solves Stf 5 0
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90 exact propagator GOITO 10

indeed
a 8 8 5 18 5,5 Kato.at I

f 8 89 01 2 83 dii 8

Equivalently folk ftp.oz gg
84 5

so 1 ffg is the inverseof connected propagator We
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In other words the rules are

405 Eg.PH an PaY apWp α not

4,4 2 Walks W p W p.ws p ftp.p

One can clearly keep going to higher point correlators

express all of them in terms of V4 P
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Remarks

a P W
1
generalize the notion ofkineticterm
W

ee
Hx g f 22m

This can be seen also in perturbation theory by resumming all connected

n 2 TPI diagrams Ʃ
a a

W
α α

I
α

Ʃ Ʃ
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Ʃ thin

c 5 et 52 Iii d
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b P generates the notion of vertex where to attach propagators

to buildcorrelators

6 3
Example WYJI.si Δ

4 tn
Ax Ax Ax 018

lungussia
o g

gg x4

Some type ofstructures made of propagator vertices attree level

except that the vertices are 7 the propagator exeat the tree level

API diagrams are exact

Let's show this by considering W J to be the partition

function that we wouldget from peth integral under replacement



LAW510 o P 0 and restorily 5

07 Wp J log fpo exp 10 J 0 4

Imaging doing perturbation theory the new free propagator would

be 4 524 v44 and each vertex would be

08 connected diagram w I intend lines Vertices α 4 4ᵗʰ
loop imfhp.gg L I V 1

when 5 Do only the tree diagrams survive On the

other hand by construction when 5 do Wp 33 103 5074

which is the Legendre inverse of that is V13 see 9.841

Os With WE Bo exp 0 3.01 restoring

connected
Tree only

This Is just putting in a closed formula the diagrams
that we were getting 104 106 which are indeed all tree
no loop with exactpropagator andyet capture exactly
all connected correlators

Comment This functional is called IPI because the exact

correlators are sum of terms that becomes disconnected

if cutting a line a reminder that then can'tbe
disconnected in that

way
another reason is the following

peth integral representation of n
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Path integral representation of P

We can give a path integral representationofP from the definition 94

410 e
E 3107.5 315

do exp 5103 510 0

1111 e fao exp 5103 310 0 0

If exp 51003 3107.0

40 55where 3 310 is such that 4033 0

that is so 0 so that any d tadpole must be

vanishing hence 411 being equivalent to

1112 e DO exp S 0 0 f known as bkg
fieldmethodPInnect

The restriction to IPI is what removes single 0 legs i e

it removes IPI irreducible diagrams those that become disconnected

by cutting one internal line only

Momentum Space

We have been quite formal with theindices so far so that one can

easily change basis e g go to
momentum

space correlation

For example for a scalar field in K space

1113
im mid that tmall.IE tech Catsd tn W i

Translation inv
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Example Free theory W K 4 442 1 tendidean

14 WCk kn Colt 1k n to 2 842in ki
frondinv

Analogously we define 7 by factoring out 0412m P 9417

Exemple

15 W k k k he t k Ppop kz
3
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Kip pitpaps

1161 WEEK.kz Tech Ñ a Wks F A

EEgtpty.gs tmit mn fmz's 8 if

The momentum space connected correlators are importantalso because we

can use them to extract connected Scattering Amplitudes via LSZ

L S Z WI r.mn Scattering Amplitudes

What is the connection with

3 I 3
117 WELL na n permut p41

2 4 2 4

1181 WEEK tn fdjg fdfggeiP e 842 fi VEu fi
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Wick Rotation
p ipolitic i Politics

119 P leaf T Pot XP Xp XiPi Palmin

There are C 1 integrations factor c is

whina in if ÉP ie ma
ialwiEip

a Whinn pink i ÑÉIPero ipo

Example When
free p m Wick pilities p m pÉm tiE

since w̅ WE
c

From external legs

122 Winian fish Wine pino ipo i W mlp1

Moreover LSZ multiply Emin by II 1 11
123 Lsz Whimep if 821it Wnnn'Ps
On the other hand we know from Kallen Lehmen that

1124 Ñ im dmplaying so that 423 on shell



does not vanish only if residueatpole so
434

1125 fm 81m mi 1212

Therefore the pile is removed the residue 1211 2,1 Zil

and extra factor of i in 11232

3 1

1261 LSZ.FMnn
i a n permut pH
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1271 if Thin thin permut Tim 121

1128 i Ma 02 from S IM IT d Epi

as Ma o ITTresiotues ampated Wickrotated connectedCorrelators

which are conveniently builtoutof internallines

Example
Take theory with o symmetry P o

e g theory Take V

Imputed I I Ips politics iMar 02
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Aside WE the ReplicaTrick
134

We can obtain again thatWE generates the connecteddiagrams

using the ReplicaTrick from statisticalMech Consider N copies

ofthe system which share the same current buthave no interactions

among themselves each it'sinteracting on its own

130 85 e
4 4 0m J t.tn

Z s 2 55 original 1 copypartitionfunction

A single connected diagram is now proportional to because

I cayles to all die n but they don't talk to each other so that

any connected diagram is replicated N times

1 I 4 www
offpperas connectedpartoriginalTheory

If there are n disconnecteddiagrams it would contribute N
sine we can choose between N fields in each disconnecteddiagram

Therefore in order to extract the connected terms of the original
theory is enough to look at 01N which we can read directly from

Eq 68
sumofconnecteddiag

432 2N 3 eh It Nh 2 o N WET InZts


